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Starting from a three dimensional Hamiltonian, we study the optical properties of ultra-thin
topological insulator slabs for which the coupling between Dirac fermions on opposite surfaces results
in two degenerated gapped hyperbolic bands. The gap is a threshold for the optical absorption and
translates in a peak in the imaginary part of the optical conductivity. An exchange field applied
perpendicular to the slab splits the degenerated hyperbolic bands and a double step structure
come out in the optical absorption, whereas a double peak structure appears in the imaginary part
of the longitudinal optical conductivity. The exchange field breaks time-reversal symmetry and
for exchange fields larger than the surfaces coupling gap, the zero frequency Hall conductivity is
quantized to e2/h. This result implies large values of the Kerr and Faraday rotation angles. In
ultra-thin slabs, the absence of light multiple scattering and bulk conductivity, makes the Kerr and
Faradays angles to remain rather large in a wide range of frequencies.
PACS numbers: 72.25.Dc,73.20.-r,73.50.-h
I. INTRODUCTION.
Three dimensional (3D) topological insulators (TI’s)
are materials that possess conducting metallic surface
states in the bulk energy gap[1–3]. These systems typi-
cally are band insulators where strong spin orbit coupling
alters the natural order in energies of the band structure.
At the surface of the TI, in contact with the vacuum,
the bands turn back to their natural order, and a two-
dimensional metallic state merges at the surface. These
surface states have an helical linear dispersion and the
quasiparticles are governed by a two-dimensional (2D)
massless Dirac equation. The Dirac cone is centered at
a time reversal invariant point in the two dimensional
Brillouin zone, and the degeneracy at the Dirac point is
preserved by time reversal symmetry.
At zero temperature the optical conductivity of a sys-
tem described by the two-dimensional Dirac Hamilto-
nian, with the chemical potential located at the Dirac
point, gets a universal value of σ0=
pi
2
e2
h . Light transmit-
tance experiments have confirmed this universal value
for the optical absorption in graphene[4, 5]. The op-
tical properties of TI surface states has been theoreti-
cally studied recently[6–9], and the same universal value
for the optical conductivity, σ0, has been obtained[8, 9].
However, hexagonal warping terms to appear in the sur-
face band structure of TI’s modify the interband optical
transition and deviations from the universal background
as seen in graphene[4, 5] have been predicted[6, 7]. The
optical conductivity of Bismuth based topological insu-
lators has been experimentally studied[10–13], and the
main result is that the exotic properties of the TI surface
states are masked by high carrier densities and impurity
band conduction.
The magnetoelectric coupling that occurs at the sur-
faces of topological insulators[1–3] is the origin of new
and exotic phenomena such as the possibility of in-
ducing magnetic monopoles[14], the tunable Casimir
effect[15] and the giant magneto-optical Kerr and Fara-
day effects[16–21]. The Kerr and Faraday effects de-
scribe the rotation of the light polarization when it is
reflected or transmitted respectively by a magnetic ma-
terial. When time-reversal symmetry is broken at the
surface of a TI, a gap is induced in the Dirac band
structure and the surface shows an anomalous Hall ef-
fect, σxy=
1
2e
2/~. In this situation TI surfaces[16, 17] or
a clean thin slabs[18, 19] will have a strong magneto-
electric effect that manifests, in ideal systems, in a uni-
versal Faraday rotation and a giant Kerr rotation. At
the surfaces of TI’s the time reversal symmetry can be
broken without applying external magnetic fields. Dop-
ing the system with magnetic impurities induces an ex-
change field acting on the TI surface state[22]. Experi-
ments in Bi2Se3 thin films indicate the existence of colos-
sal Kerr[23] and Faraday[24] rotations in the THz regime
when time reversal symmetry is broken by a strong mag-
netic field perpendicular to the slab.
Topological insulators as Bi2Te3, Bi2Se3 and (BiSb)Te,
have a layered structure consisting of stacked quintu-
ple layers with relatively weak coupling between them.
Therefore, it is possible to prepare these crystals in the
form of thin films. In thin films the bulk contribu-
tion to electrical conductivity and optical absorption can
be reduced considerably, and these systems can be the
appropriated geometry to observe surface properties of
TI’s[22, 25, 26]. When the thickness of the thin film is of
the order of the surface-state decay length into the bulk
(∼ 10nm), the tunneling between the top and bottom
surfaces opens an energy gap and two degenerate mas-
sive Dirac bands appear[27–30]. By increasing the layer
thickness the gap decreases and oscillates and the system
alternates between a trivial topological phase and a 2D
quantum spin Hall topological phase. The existence of
this gap indicates that the ultra-thin film behaves as a
quasi 2D system, and not as a couple of 2D electron gases
separated by a dielectric.
In this work we study the electrical and optical prop-
erties of ultra-thin TI slabs in presence of an exchange
ar
X
iv
:1
40
4.
70
40
v1
  [
co
nd
-m
at.
me
s-h
all
]  
28
 A
pr
 20
14
2field. Starting form a realistic 4×4 k · p Hamiltonian we
compute the band structure and optical conductivity of
TI slabs. The utilization of a realistic bulk Hamiltonian
as the starting point releases the use of an momentum or
energy cutoff in the calculations. Also, by starting from
the 3D Hamiltonian, the surface states dispersion con-
tains automatically quadratic momentum terms and elec-
tron hole asymmetry. We study the competition between
the confining gap due to the coupling between states on
opposite surfaces and the gap induced by the exchange
field. Using the Kubo formula we calculate the optical
conductivity of the TI slab. The longitudinal conduc-
tivity gives information of the optical absorption of the
slab, whereas the zero frequency Hall conductivity indi-
cates the topological character of the system. From the
optical conductivity we obtain the Kerr and Faraday an-
gles of a ultra thin TI slab. We obtain a giant Kerr angle
and a quantized Faraday angle. Both angles get large
values in a wide window of low frequencies and because
the ultra-thin slab behaves as a 2D system they are not
affected by TI bulk conductivity or by multiple reflection
inside the TI slab.
II. BULK HAMILTONIAN
The low energy band structure of three dimensional
topological insulators in the Bi2Se3 family of materials
can be described by a four band Hamiltonian proposed
by Zhang et al. [31, 32]. In the k · p formalism, states
near zero energy and long wavelength are governed by a
Hamiltonian of the form
H3D = E(k) +
M(k) A1kz 0 A2k−A1kz −M(k) A2k− 00 A2k+ M(k) −A1kz
A2k+ 0 −A1kz −M(k)
 ,
(1)
whereM(k)=M0−B2(k2x+k2y)−B1k2z , k±=kx± iky and
E(k)=C + D1k
2
z + D2(k
2
x + k
2
y). The four basis states
for which this Hamiltonian is written are |1 >=|p1+z , ↑>,
|2 >=−i|p2−z , ↑>,|3 >=|p1+z , ↓>, and |4 >= i|p2−z , ↓>,
which are hybridized states of the Se p orbitals and
the Bi p orbitals, with the superscripts (±) standing
for even and odd parity, and ↑ and ↓ for spin up and
down respectively. The Hamiltonian parameters for a
particular material can be obtained by fitting to den-
sity functional band structure calculations [32]. In the
case of Bi2Se3 the relevant parameters are M0=0.28eV ,
A1=2.2eV A˚, A2=4.1eV A˚, B1=10eV A˚
2, B2=56.6eV A˚
2,
C=-0.0068eV , D1=1.3eV A˚
2 and D2=19.6eV A˚
2.
A. Electronic Structure of Topological Insulator
Slabs.
We analyze a TI slab perpendicular to the z-direction
and thickness L . The system is invariant in the (x, y)-
plane so that kx and ky are good quantum numbers.
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FIG. 1: (Color online) Band structure of TI slabs of differ-
ent thickness d. The slabs are perpendicular to the zˆ di-
rection. The electronic sates are obtained by diagonalizing
Hamiltonian Eq. 1 with the appropriated boundary condi-
tions. At the Brillouin zone center, Γ, the bulk gap has a
value 2M0=0.56eV. Energies inside the bulk energy gap cor-
respond to surface states. For thick slabs low energy surface
states dispersion has the form of a Dirac-cone. For thin slabs,
coupling between surface states located on opposite surfaces
opens an energy gap in the Dirac spectrum. The system has
circular symmetry and we plot the bands as function of the
absolute value of the in-plane wavevector k.
The eigenvalues, εn,k, and wavefunctions, Ψn,k(z), are
obtained by solving Eq.1 with kz = −i∂z and forcing
the wavefunction to vanish at the surfaces of the slab,
z = 0 and z = L. This is satisfied expanding Ψn,k(z)
in harmonics, of the form sin ( lLpiz), being l a positive
integer[33]. For a given two-dimensional wavevector, k
=(kx, ky), we diagonalize the Hamiltonian in this basis
and we obtain a discrete number of eigenvalues, εn,k and
the corresponding wavefunctions,
Ψn,k(z) =
eikr√
A
√
2
L
Nmax∑
l=1
∑
j=1,4
aln,j(k) sin (lpi
z
L
) |j > ,
(2)
here A is the sample area. The number of harmonics used
in the expansion, Nmax, depends on the thickness of the
slab, and it is chosen large enough so that the results do
not depend on its value.
In Fig.1 we plot the band structure of thin TI slabs
for different values of the thickness d. For thick TI slabs
(d > 6nm) the surfaces are practically decoupled and
two degenerated gapless Dirac-like bands, one for each
surface, appear in the bulk energy gap region. This is
the benchmark of the TI. As the thickness of the slab de-
creases the electronic states localized on opposite surfaces
couple and the Dirac cones transform in two degenerated
hyperbolic Dirac bands with gap Eg at the center of the
Brillouin zone Γ. In agreement with previous works[27–
30] the values of this gap oscillates as function of the
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FIG. 2: (Color online) Absolute value of the wavefunction, as
function of the position along the slab, of a surface state with
momentum close to zero, for different TI slab thickness.
thickness d. For each set of gapped Dirac bands, the
expectation value of the spin in the valence and conduc-
tion bands, gets a k-dependent configuration near the
center of the Brillouin zone[29, 30]. Because of time re-
versal symmetry, the other pair of Dirac hyperbolas is
a degenerated copy with the opposite k-dependent spin
configuration[29, 30].
The energy gap for the Dirac fermions occurs when
the thickness of the TI slab is comparable with the decay
length of the surface state wave function into the film. In
that case opposite surface wave functions overlap leading
to the appearance of the energy gap at the center of the
Brillouin zone. In Fig.2 we plot the absolute value of the
wave function of a surface state with momentum close
to zero for different values of the layer thickness. If we
turn the parameters D1 and D2 to zero, it is possible
to obtain analytically that the four components of the
surface wavefunction have the same dependence on the
position across the TI slab,
f(z) = eλ1z sinλ2z (3)
with
λ1 + iλ2 =
A1 + i
√
|A21 − 4M0B1|
2B1
. (4)
From the Bi2Se3 band structure parameters we get λ1 ∼
1.1nm−1 and λ2 ∼ 1.26nm−1 in rather good agreement
with the decays length and zeros of the wavefunction in
Fig.2. From this values of the decay length, we conclude
that in TI slabs thinner than 6nm, there is coupling be-
tween top and bottom surfaces and the system can not be
described as a couple of two-dimensional gases separated
by a dielectric. It is more appropriated describe the TI
slab as a 2D system.
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FIG. 3: (Color online) Band structure of TI slabs of differ-
ent thickness d, in presence of an exchange field, ∆z=50meV,
applied in the z-direction. The slabs are perpendicular to
the zˆ direction. The electronic sates are obtained by diago-
nalizing Hamiltonian Eq. 1 with the appropriated boundary
conditions. The system has circular symmetry and we plot
the bands as function of the absolute value of the in-plane
wavevector k.
B. Spectrum of a TI slabs in presence of a
Exchange field.
An exchange field directed along the z-direction affects
strongly the electronic properties of TI surfaces. The
Dirac Hamiltonian describing electrons moving on a sur-
face perpendicular to the z-direction has the form[32, 34]
H=~vF (σxky−σykx). Here the Pauli matrices σx and σy
correspond to the electron spin operators and vF is the
Fermi velocity. An exchange field ∆z pointing in the z-
direction opens a gap in the surface bands and the system
becomes a topological insulator showing a Hall conduc-
tivity σxy=1/2e
2/h. The presence of different oriented
surfaces in real crystals, makes that measured Hall con-
ductances become always integrally quantized[35–37].
We study the effect of a exchange field on the proper-
ties of a TI thin film, by adding to the bulk Hamiltonian
Eq.1 a exchange term of the form ∆ZI ⊗ σz. The slab
geometry is introduced by forcing the wavefunctions to
satisfy the boundary conditions, Eq.2. In Fig.3 we plot
the band structure of thin TI slabs for different values of
the thickness d and a typical exchange field ∆z=50meV.
For thick slabs where opposite surfaces are decoupled,
the exchange field polarizes, near k=0, the spin of the
conduction(valence) band in the +(−) z-direction. Then
a gap of magnitude 2∆z appears and the bands get a
quadratic dispersion. Away from the center of the Bril-
louin zone, the bands recover the linear dispersion and
the spin texture dictated by the Dirac equation is re-
4stored.
At ∆z=0, ultra thin TI slabs have two degenerated
hyperbolic Dirac bands with opposite spin texture. The
exchange field breaks the time reversal symmetry, and
near k=0 the bands split in two states with spin up and
energies ±Eg/2 + ∆z and two spin down states with en-
ergies ±Eg/2−∆z.
III. OPTICAL CONDUCTIVITY
The optical conductivity σα,β relates, in the linear re-
sponse, the electrical current in a direction α to an ex-
ternal transverse electric field applied in the β-direction.
The optical conductivity consists of two pieces, the
diamagnetic term and the paramagnetic term[38]. The
paramagnetic term can be obtained from the current-
current correlation function using the Kubo formalism.
However the diamagnetic term is not always well de-
scribed in continuos effective models. In particular, in
the Dirac Hamiltonian the diamagnetic term vanishes be-
cause ∂2H/∂k2=0 [39, 40].
Both the diamagnetic and paramagnetic contributions
contains a delta singularity at frequency ω=0. The to-
tal weight of the delta is the Drude weight or charge
stiffness and indicates the ability of the carriers to move
freely when an electric field is applied. In this work
we are considering undoped systems with no carriers at
the Fermi energy and therefore the delta function should
have null weight. To achieve this, we use the follow-
ing expression[41] for the optical conductivity that can-
cels the delta singularity at ω=0, and guarantees a zero
charge stiffness in the systems,
σα,β(ω) = i
e2~
V
∫
d2k
(2pi)2
∑
m,n
nF (εn,k)− nF (εm,k)
εm,k − εn,k
< n,k|jα|m,k >< m,k|jβ |n,k >
~(ω + iη)− (εm,k − εn,k) (5)
In this expression |m,k > and εm,k are the eigenfunc-
tion and eigenvalues respectively of the system with sub-
band m and wavevector k, nF is the fermi occupation,
and ~η represents the quasiparticle lifetime broadening.
The current operators are obtained from the Hamiltonian
through jα=-∂H/∂kα.
Note that we do not need to include an energy cutoff in
the calculation of the optical conductivity. The number
of surface states is naturally limited by the bulk bands
of the TI.
A. Zero exchange field.
For zero exchange field the system has time-reversal
symmetry and the non-diagonal components of the con-
ductivity tensor are zero. Also because of the circular
symmetry of the Hamiltonian the system is isotropic and
σxx=σyy. In Fig.4 we show the optical conductivity as a
function of frequency for TI slabs of different thickness.
We first discuss the optical conductivity of uncoupled
surfaces. In the insets of Fig.4 we plot the conductivity
for a layer thickness d=20nm. For this thickness elec-
tronic states of both surfaces are decoupled and the dis-
persion near the center of the Brillouin zone is linear.
Then at small ω, the imaginary part of the optical ab-
sorption is zero and the real part gets the value σ0=
pi
4
e2
h .
The value of σ0 is half the value of the optical conductiv-
ity of graphene monolayer[42, 43], because although there
is a Dirac cone at each surface, they are not spin degener-
ated. At frequencies near 0.35eV the dispersion relation
deviates from the linear behavior and the real part of the
conductivity increases continuously with ω and presents
a strong peak at the TI energy gap. The imaginary part
increases continuously from zero and presents a peak val-
ley structure at the bulk energy gap.
At smaller layer thickness the coupling between op-
posite surface states opens a gap that suppress the op-
tical absorption at frequencies smaller than the gap. At
~ω=Eg, the hyperbolic dispersion and the modification of
the spin texture near Γ increases the number of k states
that participate in the transition and this produces a
peak superposed to a step in the real part of σxx. As
the gap reduces the step in Reσxx tends to σ0 and the
peak disappears. The gap, also induces a peak in the
imaginary part of σxx which indicates the existence of an
interband charge collective excitation.
B. Finite exchange field.
The exchange field breaks time reversal symmetry and
the non-diagonal part of the optical conductivity gets a
finite value. For thin gapped TI slabs, the exchange field
polarizes the spin in the extremes of the bands, and the
dissipative parts of the response functions, Reσxx and
Imσxy, show two absorption edges at energies 2∆z ±Eg.
The splitting of the bands also reflects in the appearance
of two peaks in Imσxx and Reσxy. At large separation
between the surfaces only an absorption edge and a peak
occur at energy 2∆z.
A TI slab in presence of a exchange field has always an
insulator character. The band insulator or topological
insulator nature of this phase may be known by com-
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FIG. 4: (Color online) Imaginary (top) and real (bottom)
part of the optical conductivity as a function of frequency, for
a TI slab of different thicknesses. In the insets we show the
optical conductivity for a thick slab, d=20nm with states in
opposite surfaces practically decoupled
puting the Chern number, which in this system[1, 44]
coincides with the value of the dc Hall conductivity. In
Fig.7 we plot the Hall conductivity as function of d and
∆z. For values of the exchange field smaller than twice
the tunneling gap, the slab is a normal insulator, however
for larger values of ∆Z , the TI slab acquires an integer
anomalous Hall conductivity, σxy=e
2/h. Then as a func-
tion of the exchange field or the slab thickness, TI slabs
undergo quantum phase transitions from band to topo-
logical insulator. The system only presents an anomalous
quantum Hall effect when the surface bands are inverted
by the exchange field, independently of the sign of the
tunneling gap between the surfaces. For very large val-
ues of d, the integer quantized Hall conductivity may be
understood as the sum of two half quantized Hall con-
ductivities, one for each uncoupled surface.
IV. KERR AND FARADAY ANGLES.
Finite values of the Hall conductivity in magnetically
gapped TI surfaces imply interesting properties in their
optical properties. When σxy 6=0, left and right handed
circularly polarized light, propagating perpendicular to
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FIG. 5: (Color online) Imaginary (top) and real (bottom)
part of the longitudinal optical conductivity as a function of
frequency, for a TI slab of different thicknesses, in presence of
an exchange field ∆z=50meV.
the TI slab, have different refraction and transmission
indices. As a consequence, linear polarized light rotates
its polarization direction when transmitted or reflected
by a TI slab in the anomalous quantum Hall regime.
The transmitted and reflected rotation angles of linear
polarized light are called Kerr (θK) and Faraday (θF )
respectively.
Because of the overlap between electronic states local-
ized on opposite surfaces, ultra thin TI slabs should be
considered as a single two dimensional electron system.
Furthermore, the light wavelength is much larger than
the slab thickness and the light electromagnetic fields
are practically constants across the slab. In this situa-
tion, the electromagnetic properties of the thin TI slab
are described just by the two dimensional conductivity
tensor. Transmission and reflection of light are obtained
by considering two dielectric materials separated by an
interface characterized by a conductivity tensor.
Maxwell equations dictates the boundary conditions
for the electromagnetic fields. For a free standing slab
and normal incidence, the reflection, r¯=
(
rxx rxy
−rxy rxx
)
and transmission, t¯=
(
txx txy
−txy txx
)
tensors for the elec-
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of the Hall optical conductivity as a function of frequency, for
a TI slab of different thicknesses, in presence of an exchange
field ∆z=50meV.
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FIG. 7: (Color online) Phase diagram, as a function of d
and ∆z, for the anomalous quantum Hall effect of a TI slab
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FIG. 8: (Color online) Faraday and Kerr angles for TI
slabs of different thicknesses in presence of an exchange field
∆z=50meV.
tric field have the form[19],
rxx =
1− (1 + 4pic σxx)2 − ( 4pic σxy)2
(2 + 4pic σxx)
2 + ( 4pic σxy)
2
rxy =
− 8pic σxy
(2 + 4pic σxx)
2 + ( 4pic σxy)
2
txx =
4 + 8pic σxx
(2 + 4pic σxx)
2 + ( 4pic σxy)
2
txy =
− 8pic σxy
(2 + 4pic σxx)
2 + ( 4pic σxy)
2
. (6)
and the Kerr and Faraday angles are given by,
θF = arg(txx + itxy)
θK = arg(rxx + irxy) (7)
In Fig.8 we plot the Kerr and Faraday angles for TI
slabs with thickness ranging from d=2nm to d=10nm, in
presence of an exchange field ∆z=50meV. For ∆z 6=0, TI
slabs exhibit anomalous quantum Hall effect character-
ized by σxx(ω = 0)=0, Reσxy(ω = 0)=0 and Imσxy(ω =
0)=e2/h, then the Kerr angle, Eq.6, gets a large (giant)
value θK=-pi/2 and the Faraday gets a quantized value
θF=α, being α=e
2/~c=1/137 the vacuum fine structure
7constant[18, 19]. Absolute values of both angles decay
with frequency and present peaks at the optical absorp-
tion edges ω=2∆z ± Eg.
The results indicate that in a wide range of frequencies,
linear polarized light gets a large rotation in its polariza-
tion when reflected or transmitted by an ultra thin TI
slab. The small value of the slab thickness makes this
result rather robust. For ultra-thin TI slabs the bulk
contribution to the electronic conductivity is totally sup-
pressed and the values of θK and θF are not affected by
bulk free carriers supply by bulk defects. Also because
the thickness of the slab is much smaller than the light
wavelength, the optical path of the light inside the TI
slab is zero and there is not suppression of θK and θF
by multiple reflections in side the TI slab. We then con-
clude that in ultra-thin TI slabs there is a wide range of
frequencies where the Kerr and Faraday angles get large
values.
V. CONCLUSIONS.
We have studied the band structure and optical prop-
erties of ultra-thin topological insulator slabs. The elec-
tronic properties are obtained starting from a three-
dimensional k · p Hamiltonian, so that our calculations
do not depend on energy or momentum cutoff. For the
optical conductivity we use an expression (Eq.5) that de-
scribes correctly both the diamagnetic and the paramag-
netic contributions, and therefore we obtain the real and
imaginary part of the conductivity directly from it.
In thin TI slabs, the coupling between opposite sur-
face states opens a gap in the electronic spectrum that
inhibits optical absorption for frequencies smaller than
the gap Eg. The gap also reflects in a peak at ~ω=Eg
in the imaginary part of σxx(ω). This peak indicates the
existence of an interband charge excitation.
An exchange field ∆z applied perpendicularly to the TI
slab, breaks time-revesal symmetry and splits the gapped
bands of ultra-thin TI slabs. The real part of the longi-
tudinal optical conductivity shows absorption edges at
energies 2∆z ± Eg, whereas the imaginary part presents
peaks at the same energies. For values of the exchange
field 2∆z > Eg, the zero frequency Hall conductivity is
quantized to the value σxy=e
2/h. This large value of the
Hall conductivity produces a strong rotation of the polar-
ization of light when transmited through or reflected in
the TI slab. At zero frequency the Faraday angle gets the
value θF=e
2/~c=1/137 and presents peaks at frequencies
2∆z ± Eg. The Kerr rotation gets a value θK=-pi/2 at
zero frequency and gets rather large absolute values at
finite frequencies. These values of the Faraday and Kerr
rotation angles are rather robust because they are not
affectd by bulk carriers or by light multiple scattering in
the topological insulator ultra-thin slab.
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